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Sample Space, Events and Probability

e A sample space S is the set of all possible outcomes of a (conceptual
or physical) random experiment

@ Event A is a subset of the sample space S

e P(A) is the probability that event A happens

e It is a function that maps the event A onto the interval [0, 1].
o P(A) is also called the probability measure of A

@ Kolmogorov axioms

e Non-negativity: p(A) > 0 for each event A
o P(S)=1
e o-additivity: For disjoint events {A;}; such that A;(A; = 0 for Vi # j

P(UAI) = ZP(A:')
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Sample Space, Events and Probability (Contd.)

(] Some consequences
o P(0) =0

o P(AUB) = P(A) + P(B) — P(A( B)
o P(A7)=1—P(A)
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Conditional Probability

@ Definition of conditional probability: Fraction of worlds in which event
A is true given event B is true

P(A, B)
P(B)

@ Corollary: The chain rule

P(A]B) =

P(A,B) = P(A| B)P(B)

P (A1 Ag-  A) =[] P(Ac| AL Az, Acy)
k=1

o Example:

P(As4, A3, Az, A1) = P(As | A3, Az, A1)P(Asz | Az, A1) P(Az | A1)P(A1)
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Conditional Probability (Contd.)

@ Real valued random variable is a function of the outcome of a ran-
domized experiment
X:S—=R

@ Examples: Discrete random variables (S is discrete)

o X(s) = True if a randomly drawn person (s) from our class (S) is female
o X(s) = The hometown X(s) of a randomly drawn person (s) from (S)

e Examples: Continuous random variables (S is continuous)
o X(s) = r be the heart rate of a randomly drawn person s in our class S

Feng Li (SDU) GDA, NB and EM September 27, 2023 7/122



Random Variables

@ Real valued random variable is a function of the outcome of a ran-
domized experiment
X:S— R

@ For continuous random variable X
Pla< X <b)=P({seS:a<X(s)<b})
@ For discrete random variable X

P(X =x)=P({seS:X(s)=x})
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Probability Distribution

@ Probability distribution for discrete random variables
e Suppose X is a discrete random variable

X: 8= A
o Probability mass function (PMF) of X: the probability of X = x
px(x) = P(X = x)

o Since ) . 4 P(X =x) =1, we have

> px(x) =1

xeA
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Probability Distribution (Contd.)

@ Probability distribution for continuous random variables
e Suppose X is a continuous random variable

X:§— A

o Probability density function (PDF) of X is a function fx(x) such that
for Va, b € A with (a < b)

Pla<X<b)= /b fx (x)dx
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Joint Probability Distribution

@ Joint probability distribution
e Suppose both X and Y are discrete random variable
o Joint probability mass function (PMF)

px.y(x,y) =P(X=x,Y =y)
e Marginal probability mass function for discrete random variables

D PX=xY=y)=) P(X=x|Y=y)P(Y=y)

px(x)

() = SP(X=xY=y) =3 P(Y =y | X =x)P(Y = x)

e Extension to multiple random variables Xi, X5, X3, --- , X,

pX(X13X23"' 7Xn): P(Xl :X17X2:X27"' 3Xn—Xn)
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Joint Probability Distribution (Contd.)

@ Joint probability distribution

e Suppose both X and Y are continuous random variable
e Joint probability density function (PDF) f(x, y)

by by
P(a1§X§b1,a2§Y§b2):/ / f(x, y)dxdy

e Marginal probability density functions

oo

fx(x) = / f(x,y)dy for —oo < x < o0

o0

fy(X)

/ f(x,y)dx for —oo <y < oo

— 00

o Extension to more than two random variables

by b,
P(alsxlgbl,---7ansanbn):/ / Fxt, - o) doa - b
ar an
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Independent Random Variables

@ Two discrete random variables X and Y are independent if for any
pair of x and y

px,y(x,y) = px(x)py(y)

@ Two continuous random variables X and Y are independent if for
any pair of x and y

fx.y (x,y) = fx(x)fy (y)

o If the above equations do not hold for all (x,y), then X and Y are
said to be dependent
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Conditional Probability Distribution

@ Discrete random variables X and Y
e Joint PMF p(x,y)
o Marginal PMF px(x) = >_, p(x,y)
o The Conditional probability density function of Y given X = x
p(x,y)
Py x\y | X) = 5
Y\X( | ) PX(X)
or (x.y)
pix,y
—(y)= , VY
Py |x= (y) Px(X) y

o Conditional probability of Y = y given X = x

Py_yix=x = py|x(y | x)
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Conditional Probability Distribution (Contd.)

@ Continuous random variables X and Y
e Joint PDF f(x,y)
o Marginal PDF fx(x) = [ f(x,y)dy

@ The Conditional probability density function of Y given X = x

frx(y | x) = f,fxx(’xy)),

fyix=x(y) = ffij(’)i/)) ;

Vy

@ Probability of a < X < bgiven Y =y

b
Plar <X <b|Y=y)= / fiy—y (x)lx
a
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Conditional Probability Distribution (Contd.)

@ Continuous random variables X
@ Discrete random variable Y
@ Joint probability distribution

Pla<X<bY=y)=P@<X<b|Y=y)PY=y)
where

b
Pla<X<b|Y=y)= / fx|y=y(x)dx
a

P(Y =y) = py(y)
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Bayes' Theorem

@ Bayes' theorem (or Bayes' rule) describes the probability of an event,
based on prior knowledge of conditions that might be related to the
event

P(B | A)P(A)
P(B)
@ In the Bayesian interpretation, probability measures a “degree of be-

lief”, and Bayes' theorem links the degree of belief in a proposition
before and after accounting for evidence.

P(A]B) =

@ For proposition A and evidence B
o P(A), the prior, is the initial degree of belief in A
e P(A| B), the posterior, is the degree of belief having accounted for B

@ Another form:
B|A)P(A) P(B | A)P(A)
P(B) ~ P(B| A)P(A)+ P(B| A")P(A™)

pa| 8=

with A™ being the complement of A
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Bayes' Theorem (Contd.)

@ A: you have the flu

@ B: you just coughed

o Assume: P(A) = 0.05, P(B | A) = 0.8, and P(B|A") = 0.2 (A"
denotes of the complement of A)

@ Question: P(flue | cough) = P(A | B)?

P(B | A)P(A)
P(B)
P(B | A)P(A)
P(B | A)P(A) + P(B | A™)P(A")
0.8 % 0.05

0.8%0.054+0.2%0.95
~ 0.18

P(AIB) =
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Bayes' Theorem (Contd.)

@ Random variables X and Y, both of which are discrete

P(Y =y | X=x)P(X =x)
P(Y =y)

PX=x|Y=y)=

o Conditional PMF of X given Y =y

o Py |x=x(¥)px(x)
Pxiv=y) =00
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Bayes' Theorem (Contd.)

@ Continuous random variable X and discrete random variable Y

P(Y = X = x)fx(x
o) = PV =2IX =800

Py x=x(¥)fx(x)
py(y)
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Bayes' Theorem (Contd.)

@ Discrete random variable X and continuous random variable Y

fyix=x(¥)P(X = x)
fy(y)

PX=x|Y=y)

@ In another form
fY\X:x(Y)P(X)

pX|Y:y(X) = fy(y)
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Bayes' Theorem (Contd.)

@ X and Y are both continuous

f =X fx(x
fxly=y(x) = W
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Prediction Based on Bayes' Theorem

@ X is a random variable indicating the feature vector
@ Y is a random variable indicating the label

@ We perform a trial to obtain a sample x for test, and what is

P(Y =y | X=x)=pyx(y|x)?
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Prediction Based on Bayes' Theorem (Contd.)

o We compute py|x(y | x) based on Bayes’ Theorem

PX|Y(X | y)py(y)
px(x)

pyix(y | x) = , Vy

o We calculate px|y(x | y) for Vx,y and py(y) for Vy according to the
given training data

e Fortunately, we do not have to calculate px(x), because

Px|y (x| y)py(y)
argmax py|x(y | x) = argmax
y y px(x)

= arg m}iaxpx|y(x | y)py(y)
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@ The world is probabilistic
e You randomly join SDU
e You randomly choose this class
e You may randomly fail this class

September 27, 2023
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Warm Up (Cont

o Task: ldentify if there is a cat in a given image.
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Warm Up (Contd.)

@ Images (to be classified or to be used for training) are given randomly
e Some of them may contain a cat
e Some of them may not
o Whether there is a cat is random
@ An image is represented by a vector of features
@ The feature vectors are random, since the images are randomly given
o Random variable X representing the feature vector (and thus the image)
@ The labels are random, since the images are randomly given

o Random variable Y representing the label
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Warm Up (Contd.)

@ In linear regression and logistic regression, x and y are linked through
(deterministic) hypothesis function

y = hy(x)

@ How to model the (probabilistic) relationship between feature vector X
and label Y?

P(X=x|Y =y)P(Y =y)

PlY=y|X=x)= PIX =)

Feng Li (SDU) GDA, NB and EM September 27, 2023 28 /122



Warm Up (Contd.)

@ How to model the (probabilistic) relationship between feature vector X
and label Y?
PX=x|Y =y)P(Y =y)
P(X = x)

P(Y=y|X=x)=

e P(Y =y | X =x): Given an image X = x (whose feature is x), what is
the probability of Y = y (with y = 1 denoting there is a cat and y =0
denoting there is not)?

o P(X =x|Y =y): Given an image with Y = y (whose label is y), what
is the probability that the image has its feature vector being X = x?

e P(Y =y): Given a randomly picked image, what is the probability that
the image contains a cat?

o P(X = x): Given a randomly picked image, what is the probability that
the image has its feature vector being X = x7
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Warm Up (Contd.)

@ How to model the (probabilistic) relationship between feature vector X
and label Y?

P(lY=y|X=x)=

@ To predict y, we have to know
o P(X =x|Y =y): Given an image with Y = y (whose label is y), what
is the probability that the image has its feature vector being X = x?
e P(Y =y): Given a randomly picked image, what is the probability that
the image contains a cat?
e P(X = x): Given a randomly picked image, what is the probability that
the image has its feature vector being X = x7
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Warm Up (Contd.)

@ In our case
o If P(Y=1| X =x)>P(Y =0]| X = x), we conclude that there is a
cat
o If P(Y=0| X=x)>P(Y=1| X = x), we conclude there is not a
cat

@ How to compare P(Y =0 | X =x)and P(Y =1| X = x)

P(X =x|Y =0)P(Y =0)

P(Y=0|X =x)= =)

P(X=x|Y=1)P(Y=1)

P(Y=1|X=x)= PIX = 3]

e We do not need to know P(X = x)
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Warm Up (Contd.)

@ We make classification according to

P(X=x|Y=y)P(Y =y)
P(X = x)

P(lY=y|X=x)=

@ To make classification, we have to know the following parameters
P(X=x|Y=y), Vx,y

P(Y =y), Wy
e We do not need to know P(X = x), Vx
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Warm Up (Contd.)

@ The probability that an image labeled by y has feature vector x
P(X=x|Y=y)=pxiy(x|y), Vx,y
@ The probability that an image is labeled by y
P(Y =y)=rpr(y), Wy

@ We compute the above parameters by learning from training data, but
how?
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Warm Up (Contd.)

o Given a set of training data D = {x(), y()},_;
@ The training data are sampled in an i.i.d. manner
o The probability of the i-th training data (x(7), y())
P(X = x0y =y
= P(X=xD]y=y0)py=y0
= PX(X(i) \y( )PY(Y())
= pxy (x| yDpy (y1)

e The probability of D

HPX\Y y())PY(y( ))
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Warm Up (Contd.)

@ Log-likelihood function
00) = log [ px,v(x1, yt)
i=1

= log [T pxiy (x| YD)y ()

i=1

=Y (Iogpxw(x(” | y) + logpv(y(’))>
i=1

where
0 ={px;y(x|y), py(¥)}xy
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Warm Up (Contd.)

@ Suppose we have n features
X =[Xq, Xz, -+, Xp] T
@ The features are independent with each other
PX=x|Y=y) = PXi=x1, -, Xa=xn| Y =y)

n
= [[PXi=x1Y=y)
j=1

n
= HPXJ-|Y(XJ | y)
j=1
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Warm Up (Contd.)

o For each training data (x(), y(1)

P(X = x| y =yl
= PO =x" o X =) | Y = )

= J[Pxi= Xj(i) Yy =)
j=1

= TIpxiv(x |y
j=1
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Gaussian Distribution

@ Gaussian Distribution (Normal Distribution)

p(x;p,0) = (27“712)1/2 xp <_zi2(x - M)2>

where /1 is the mean and o2 is the variance

@ Gaussian distributions are important in statistics and are often used in
the natural and social science to represent real-valued random variables
whose distribution are not known

@ Central limit theorem: The averages of samples of observations of
random variables independently drawn from independent distributions
converge in distribution to the normal, that is, become normally dis-
tributed when the number of observations is sufficiently large

o Physical quantities that are expected to be the sum of many independent

processes (such as measurement errors) often have distributions that are
nearly normal.
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Multivariate Gaussian Distribution

e Multivariate normal distribution in n-dimensions A/ (p, X)

1

N O R

e (500 07 - )

e Mean vector u € R”
Covariance matrix ¥ € R™"
Mahalanobis distance: r? = (x — u)TZ71(x — p)

@ 2 is symmetric and positive semidefinite

Y = dADT

® is an orthonormal matrix, whose columns are eigenvectors of ¥
A is a diagonal matrix with the diagonal elements being the eigenvalues
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Multivariate Gaussian Distribution: A 2D Example

From left to right: ¥ =1/, ¥ =
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Multivariate Gaussian Distribution: A 2D Example

From left to right: u = [(1)] W= [_8.5] = {_115}
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Gaussian Discriminant Analysis (Contd.)

e Y ~ Bernoulli(%))
o P(Y=1)=%
e P(Y=0)=1—-9%
e Probability mass function

py(y) =¢Y(1—¢)'™, Vy=0,1
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Gaussian Discriminant Analysis (Contd.)

@ X|Y=0~N(up,X)
e Conditional probability density function of X given Y =0

1 1 _
Px|y=0(x) = (2m)2[z|i/? exp <—2(X — o) TETH(x — Mo))
e Or

Py (x| 0) = (o e (‘;(X o) TE (- Mo))
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Gaussian Discriminant Analysis (Contd.)

e X|Y=1~N(u,X)
e Conditional probability density function of X given Y =1

1 1 _
Px|y=1(x) = (2m)2[z|i/? exp <—2(X — ) E T (x — Ml))
e Or

P (x| 1) = (o o (‘;(X ) TE (- m))
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Gaussian Discriminant Analysis (Contd.)

@ In summary, for Vy = 0,1
py(y) =4/ (1—9)'™

pxy(x|y) = (27r)”/£‘2]1/2 exp <—;(X — ) TE N (x - My))

Feng Li (SDU) GDA, NB and EM September 27, 2023 45 /122



Gaussian

Discriminant Analysis (Contd.)

@ Given m sample data, the log-likelihood is

E(w’/‘LO?Ml’Z)
= longX’Y(X(i)’y(i);¢7M0,M1,Z)
i=1
= log [ [ pxyy (<) | y; po, 111, )py (v 9)
i=1

= Y log pxjy (x| yD; o, p1, X) + " log py (y1D; 1))
i=1 i=1
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Gaussian Discriminant Analysis (Contd.)

@ The log-likelihood function

m m
(s poy i, T) = Y log pxy (X [y o, 1, 2) + Y log py (v )
i=1 i=1

o For each training data (x(9, y(1)
o If y() =0

i i 1 1 B
PXIY(X() ‘ y( );Moy):) = WQXP (—2(X - MO)TZ 1(X — Mo))
o If y() =1

i i 1 1 _
PXIY(X() \ y( ):uhz) = W@(P (‘2(X - Ml)TZ l(X - Ml))
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Gaussian Discriminant Analysis (Contd.)

@ The log-likelihood function

0, pro, 11, T) = Y log pxyy (X7 | y1; o, 1, £) + Y~ log py (v )
i=1 i=1

o For each training data (x(), y(1)

py (D) = " (1 — )"
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Gaussian Discriminant Analysis (Contd.)

e Maximizing ¢(v, po, pt1, X) through

0
—/ Y)=
81/} (w7u07,u17 ) 0
vuog(wau()aul?z) =0
Vme(?ﬁaﬂoaﬂl,z) =0

VZB(Q/)’ Mo, K1, Z) =0
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Gaussian Discriminant Analysis (Contd.)

@ Solutions:
) = lil{y(i) =1
mi3
po =Y 1y =01x /> " 1{y) = 0}
i=1 i=1

mo=y Uy =11x0/3 "1y = 13
i=1 i=1

1 O~ (i i
r=_ > = ) (D = )T
i—1

@ Proof (see Problem Set 2)
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Gaussian Discriminant Analysis (Contd.)

@ Given a test data sample x, we can calculate

Pxjy (x| 1)py(1)
px(x)
pxjy (x| 1)py(1)
px|y(x | 1)py(1) + px|y(x | 0)py(0)
1

PX\Y(X|0)PY(0)
PX\Y(X|1)PY(1)

pyix(y =1|x) =

1+
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Gaussian Discriminant Analysis (Contd.)

px|y(x | 0)py(0)
PX\Y(X | 1)py(1)

= exp (—;(X — 110) T E7H(x — po) + %(X — ) T (x - m)) S
(

Feng Li (SDU) GDA, NB and EM September 27, 2023 52 /122



Gaussian Discriminant Analysis (Contd.)

@ Assume

L [x] b (o — ) TE
R L (=t — pd T o) + log (152)
@ We have

x|y (x| 0)py(0)
px|y (x| 1)py(1)

= exp <(Mo — )T X+
=exp (GTX>

@ Then

Ts—1,, _ , Ty-1 .
Py X MIQMOZ MO+'°g(lww>>

1 1

Px1y(x10py(y=0) ~ 1+ exp(67 x
L+ = ey @ P(07x)

pyix(1]x) =
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Gaussian Discriminant Analysis (Contd.)

@ Similarly, we have

py|x(0 ] x)
px|y(x | 0)py(0)
px(x)

px|y(x | 0)py(0)
px|y(x | 1)py(1) + px|y(x | 0)py(y = 0)
1

px|y (x|1)py(1)
px|v (x]0)py (y=0)

1+
1

Ty —1 _,, Ty -1
1+ exp <(M1 — 1g) TE x4 Lo E MO EI 4 jog <%>)
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GDA and Logistic Regression

@ GDA model can be reformulated as logistic regression
@ Which one is better?

o GDA makes stronger modeling assumptions, and is more data efficient
(i.e., requires less training data to learn “well”) when the modeling as-
sumptions are correct or at least approximately correct

o Logistic regression makes weaker assumptions, and is significantly more
robust deviations from modeling assumptions

e When the data is indeed non-Gaussian, then in the limit of large datasets,
logistic regression will almost always do better than GDA

e In practice, logistic regression is used more often than GDA
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Gaussian Discriminant Analysis (Contd.)
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Lagrange Multiplier

Theorem (Lagrange Multiplier Theorem)

Let f : R” — R be the objective function, gj : R" — R (withj=1,--- ,m)
be the m constraints functions, all of which have continuous fist derivatives.
Let x* be an optimal solution to the following optimization problem

max  f(x)

sit.  gi(x)=0,i=1,2,---'m

such that Rank(Dg(x*)) = m < n where Rank(Dg(x*)) denotes the matrix
of partial derivatives [g—g] . There exist unique Lagrange multipliers A € R™
such that
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Lagrange Multiplier

e Maximize f(x,y) subject to g(x,y) =0
e f(x,y)is maximized at point (xo, o) where they have common tangent
line such that the gradient vectors are parallel

Vf(x0,¥0) = AVg(x0, y0)

y
flu,y) =11
flx,y)=10
fl,y)=9

g(x flx,y)=8
fluy)=17

0 X

@ How about higher dimension?
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Lagrange Multiplier (Contd.)

e Maximize f(x,y, z) subject to g(x,y,z) =0
e r(t) = (x(t),y(t),z(t)) be an arbitrary parameterized curve which lies
on the constraint surface and has (x(0), y(0),z(0)) = g
@ Suppose h(t) = f(x(t),y(t),z(t)) such that h(t) has a maximum at
t=20
@ By the chain rule
W(t) = Vf |y -r'(t)

@ Since t =0 is a local maximum, we have
h/(O) = Vf|q -r’(O) =0

e Vf |q is perpendicular to any curve on the constraint surface through
q, which implies Vf |, is perpendicular to the surface

@ Since Vg |4 is also perpendicular to the surface, we have proved Vf,
is parallel to Vg |4
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Lagrange Multiplier (Contd.)

@ How about multiple constraints?

max  f(x)
sit.  gi(x)=0,i=1,2,---,m

where x e R", f :R" - R, and g; : R" - RforVi=1,--- ,m
e Vf |qis “perpendicular” to all “constraint surface”
e Vf |q is in the plane determined by Vg | (i=1,---,m)
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Spam Email Classifier

@ Given an email with fixed length, is it a spam?
o Training a (binary) classifier according to a data set {(x("), y())},_; . 1,

e Each data sample is a n-dimensional vector
X0 = (D 5D Xy
where x" indicates if the j-th word in the dictionary occurring in the
email
e For example,

1 a

0| aardvark

0| aardwolf
x=|: :

1 buy

10| zygmurgy
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Spam Email Classifier (Contd.)

@ Given an email with fixed length, is it a spam?

o Training a (binary) classifier according to a data set {(x(), y())},_; .

o Each data sample is a n-dimensional vector

X0 = (D 5D Xy
where x ) e {0,1} indicates if the j-th word in the dictionary occurring
in the emall

o y) €{0,1} indicates if the i-th email is a spam

Feng Li (SDU) GDA, NB and EM September 27, 2023 62 /122



@ Training data (X(i),y(i)),':L...’m

o x() is a n-dimensional vector
o Each feature xj(') €{0,1} (j=1,---,n)
o y() e {0,1}

@ The features and labels can be represented by random variables {X;};—; ...,
and Y, respectively

Feng Li (SDU) GDA, NB and EM September 27, 2023 63 /122



Naive Bayes (Contd.)

e For Vj # j', Naive Bayes assumes X; and X are conditionally indepen-
dent given Y

P(X1=x1,X0=x2,-- , Xn=xa | Y =)

= HP()QZ@!X1=X1,X2=X2,"' Xic1=x-1,Y =Y)
=1

= J[PXi=x1Y=y)
j=1
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Naive Bayes (Contd.)

@ The key assumption in NB model

P(Y =y, X1 =x1, -, Xn = xn)
= PXi=x1,--, Xn=xn | Y=y)P(Y =y)

= P(Y=y)][PXi=x1Y =)
j=1

= PY(}’)HPij(Xj | y)
j=1

@ Dropping the subscripts will not induce any ambiguity

P(Y =y, Xi =x1, , X = xn) = p(y Hp,(xj|y
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Naive Bayes (Contd.)

@ Two sets of parameters (denoted by Q)

o Probability mass function of Y

ply) = P(Y =y)
where Vy € {0,1}
o Conditional probability mass function of X; (j € {1,2,---,n}) given
Y=y (ye{01})
pi(x |y) =PXj=x|Y =y)
where Vx; € {0,1}
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Maximume-Likelihood Estimates for Naive Bayes

@ Log-likelihood function is

UQ) = log[[p(x",y1)
i=1

m

= ) log p(x(, y(?)

i=1
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MLE for Naive Bayes (Contd.)

max Z log p(y(i)) + Z Z log Pj(Xj(i) | y(i))
i=1

i=1 j=1
st. > ply)=1
ye{0,1}
> pilxly)=1,Yy,j
x€{0,1}
p(y) =0, Vy

pi(x[y) =0, Vj,x,y
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MLE for Naive Bayes (Contd.)

@ Theorem 1
The maximum-likelihood estimates for Naive Bayes model are as follows

ply) = count(y) >4 1(y() = y) v

= , VY
m m
and
ey Cuntle ) D0 =y nx =
J count(y) S 1y =y) o
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MLE for Naive Bayes (Contd.)

@ Notation:
e The number of training data whose label is y

m

count(y) =Y 1(y") = y), ¥y =0,1

i=1
e The number of training data with the j-th feature being x and the label
being y

m
countj(x | y) = Z 1y =y /\Xj(') =x), Yy =0,1, Vx=0,1
i=1
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MLE for Naive Bayes (Contd.)

e What if x € {1,2,--- ,u} and y € {1,2,--- , k}?
@ Can we get the same results? Check it yourself!

Feng Li (SDU) GDA, NB and EM September 27, 2023 71/122



Classification by Naive Bayes

e Given a test sample X = [%, %2, -+ ,%,]", we have

P(Y:y|X1:)?17"'7Xn:)?n)
PX1 =%, . Xp =% Y=y)P(Y =y)
P(X].:)?l)"'vxn:)?n)
PIY =y)I[[La PG =% 1Y =y)
P(Xl:)?l,”'7Xn:)?n)
() [17=1 Pi(%5 | )
p()?lv' te 752!7)

@ Therefore, the output of the Naive Bayes model is

arg max (X
g max, p(y)ijJ(J ly)

Feng Li (SDU) GDA, NB and EM September 27, 2023



Classification by Naive Bayes (Contd.)

e Example: y =0,1

py (0) ITi=1 P v (% | 0)

P(Y =0 Xy =K1, , Xn = %) =

px (X1, , %n)
DTy px v (%] 1

P(Y:1|X1:)?1,---,Xn:~n):pY( )HJ:1PXJ|Y~(J| )
px (X1, , %n)
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Laplace Smoothing

@ There may exist some feature, e.g., Xj«, such that X;x = 1 for some
x* may never happen in the training data

SO =y ax? =1)
STy =y)

pji=(x» =11]y) = =0, Vy=0,1

@ As a result, given a test data x with xj« =1

a1 o
ply [ ) = >y I P [y)ply) O e
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Laplace Smoothing (Contd.)

@ This is unreasonable!!!
@ How can we resolve this problem?
e Laplace smoothing:

Tl =y)+1
m+ k
ST 1yD =y Ax) = x)+1

. _ i
A = e 6=+,

p(y) =

where k is number of the possible values of y (k=2 in our case), and
v is the number of the possible values of the j-th feature (v; = 2 for
Vj=1,---,nin our case)

Feng Li (SDU) GDA, NB and EM September 27, 2023 75 /122



Naive Bayes for Multinomial Distribution

@ Let’s go back to the spam classification problem
o Each training sample (as well as the test data) has different length

X(i) = [X](_i)7 X2(i)a e 7XI£:.)]T

o The j-th feature of x(/) takes a finite set of values
e 1,2, v}, for V=1,

e For example, ><J-(i) indicates the j-th word in the email

e Specifically, Xj(i) = 3 implies the j-th word in the email is the 3rd on in

the dictionary
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Naive Bayes for Multinomial Distribution (Contd.)

@ Assumptions:
e Each training sample involves a different number of features

X(i) = [X](_i)a X2(i)7 T 7XI(1,".)]T
o The j-th feature of x(!) takes a finite set of values
e 1,2, v}, for V=1,

o For each training data, the features are i.i.d.

P(Xj=t|Y=y)=p(t]y), for j=1,---,n

e p(t|y) > 0is the conditional probability mass function of Xj | Y =y

o Yap(tly)=1
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Naive Bayes for Multinomial Distribution (Contd.)

@ Assumptions:
e Each training sample involves a different number of features

() — (... T

[Xl yXo st n;

o The j-th feature of x(7) takes a finite set of values, x ) e {1,2,--,v}

o For each training data (x(), y()) where x(7) is a n;-dimensional vector
P(Y =y@) = p(y (’))

PX =x0 |y =y Hp(x | y)
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Naive Bayes for Multinomial Distribution (Contd.)

o Log-likelihood function (2 = {p(y), p(t | ¥)}yefo,1},te{1, v})
() = log[[ p(x7,y?)
i=1
= > log p(x | yD)p(y7)
i=1

= > togp(y'") T " | )
i—1 j=1
m
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Naive Bayes for Multinomial Distribution (Contd.)

@ Problem formulation

=

log p(x ()\y())+zlogp y)
j=1 i=1

max (9 i
p(y)

s.t. Z =1,
ye{ovl}
> p(tly)=1, vy =01
t=1

p(y) >0, Vy =0,1
p(t|y)>0,Vt=1,---,v, ¥y =0,1
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Naive Bayes for Multinomial Distribution (Contd.)

@ Solution

S 1y = y)count((t)
S 1y = y) >o1 count()(t)

Z:'ﬂ:l l(y(i) =y)
m

n; .
where count(t) = Z l(xj(’) =1t)
j=1

p(tly)=

p(y) =

@ Check them by yourselves!
@ Whatify=1,2,---  k?
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Naive Bayes for Multinomial Distribution (Contd.)

@ Laplace smoothing

> l(y( i) = y)count (t) +1
S Ay = y) Yo count()(t) + v

P(t]y) =
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Convex Functions

@ A set C is convex if the line segment between any two points in C lies
in C, i.e., for Vx1,x2 € C and V6 with 0 < 0 <1, we have

0x1 +(1 —9)X2 e C

@ A function f : R™ — R is convex, if domf is a convex set and if for all
x,y € domf and A with 0 < A <1, we have

FOx 4+ (1= N)y) < M (x) + (1= NF(y)
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Convex Functions (Contd.)

e First-order conditions: Suppose f is differentiable (i.e., its gradient V£
exists at each point in domf, which is open). Then, f is convex if and

only if domf is convex and
fly) = f(x) + VF(x)"(y = x)
holds for Vx, y € domf

f(y)
f@)+ Vi) (y—2)
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Convex Functions (Contd.)

@ Second-order conditions: Assume f is twice differentiable (i.t., its Hes-
sian matrix or second derivative V2f exists at each point in domf,
which is open), then f is convex if and only if domf is convex and its
Hessian is positive semidefinite: for Vx € domf,

V2f =0
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Jensen’s Inequality

@ Let f be a convex function, then
f(x+ (1= A)x) < M (x1)+ (1= AN)f(x)
where X € [0, 1]

@ Jensen's Inequality
o Let f(x) be a convex function defined on an interval Z. If x1,xp, -+ , xy €
T and Ay, hg, -+, Ay > 0 with YN N =1

N

N
f(z )\,'X,') S Z )\,’f(X,')

i=1
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The Proof of Jensen's Inequality

@ When N =1, the result is trivial
@ When N = 2,

f()\lxl =+ )\2X2) < )\1 f(Xl) + )\2 f(Xg)

due to convexity of f(x)
@ When N > 3, the proof is by induction
o We assume that, the Jensen's inequality holds when N = k — 1.

k—1 k—1
f(z )\,‘X,') S Z /\,‘f(X,')
i=1 i=1

o We then prove that, the Jensen's inequality still holds for N = k
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The Proof of Jensen's Inequality (Contd.)

@ When N = k,
k k—1
f(Z)\,’Xi) = f(Z/\,'X,'—i-)\ka)
i=1 i=1
k—1
= 1—\ i+ A
( k)gl )\kXJr KXk )
k—1 A
< (1-—- f f
< (1-X) (Zl—)\k Xi) + Akf (xk)
S
< (1=2\ —f(x;) + Mif
< | k),Z;l_)‘k (xi) + Ak (xc)
k—1

= Z)\ f(X, + Ak f Xk) Z)\ f(X:

i=1
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The Probabilistic Form of Jensen’s Inequality

@ The inequality can be extended to infinite sums, integrals, and expected
values

o If p(x) >00on S Cdomf and [¢p(x)dx =1, we have

f /3 p(x)xdx) = /S p(x)F(x)dx

@ Assuming X is a random variable and P is a probability distribution on
sample space S, we have

FIE(X)] < E[f(X)]

@ The equality holds if X is a constant
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Jensen’s inequality for Concave Function

@ Assume f be a concave function

N N
FO - Aixi) =D Nif(x)
i=1 i=1
@ The probabilistic form
FEX]) = E[f(X)]

e Example: f(x) = log x
o log(3o/L, Aixi) = 31, Avlog(x)

o log(E[X]) > E[log(X)]
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The Expectation-Maximization (EM) Algorithm

o A training set {x(1) x®) ... x(mM1 (without labels)
@ The log-likelihood function

00) = log ﬁ p(x\): 6

_ Z'ng «0), 200, )

z(NeQ

o 0 denotes the full set of unknown parameters in the model
o z() € Q is so-called “latent variable”
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The EM Algorithm (Contd.)

@ Our goal is to maximize the log-likelihood function

Zlogz ).z 9)

i=1 zZ(NeQ

@ The basic idea of EM algorithm

o Repeatedly construct a lower-bound on ¢ (E-step)
o Then optimize that lower-bound (M-step)
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The EM Algorithm (Contd.)

@ Qi: The probability distribution of the (latent) variable of the i-th

training sample
Z Qi(z)=1, Qi(z)=0

zeQ

@ We have

() = Zlog > p(x.200;)

zNeQ

X() 2.9
= ZlOgZQI (Z()))
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The EM Algorithm (Contd.)

@ Re-visit the log-likelihood function

wo) = Zlog Z IEE )(())6)

X() z(0. 9
= ZlogE[ e )]
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The EM Algorithm (Contd.)

@ Since log(+) is a concave function, according to Jensen's inequality, we
have

p(x\), z(1): 9) p(x\), z(1): 9)
() (465

@ Then, the log-likelihood function

m (X(i), 2(1)- )
£(0) Zlog (E [p Q:(z0) ])

V
[]=
m
IT
o
[
VR
=
e
N
=
~—
| I

i=1
ST Q) g 220
i—1 J(heq Qi(z7)
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The EM Algorithm (Contd.)

e For any set of distributions Q;, ¢(6) has a lower bound

m . ), 100, 6
(0) =3 3 Q) 1og U T
i=1 z2()eQ !

e Tighten the lower bound (i.e., let the equality hold)
e The equality in the Jensen's inequality holds if

P, 20:0)

Qi(z(’))

where ¢ is a constant
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The EM Algorithm (Contd.)

e Tighten the lower bound (i.e., let the equality hold)
e The equality in the Jensen's inequality holds if

p(x™, z(); 9)

QM) ‘
where ¢ is a constant
e Since _
> Q) =1
z(NeQ
we have
Z p(x", z(D:9) = ¢ Z Qi(z
zNeQ zNeQ
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@ Tighten the lower bound (i.e., let the equality hold)
e We have

p(x,200;6)/Qi(z10) = ¢
Zzweg Qi(z)=1
Zz(i)eQ p(X(i)7 z(i); 0) =cC

e Therefore,

p(x(i)7 2. 9)
C
p(x(i)7 2. 9)
> oheq p(x(), z(); 0)
p(x, z(); 9)
p(x(;0)
= p(z? | xD;0)

Q(z") =
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The EM Algorithm (Contd.)

@ Repeat the following step until convergence
o (E-step) For each i, set

o (M-step) set

O=ON"
0= argmeaxz Z Qi(z )Io (X(Zz(l)))

i zheQ
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Convergence

o For the t-th iteration, the equality in the Jensen's inequality holds with
respect to lt]

(), 700); gl
(o) ZZQH (20 log P> 271 07)
=y Q=)

where QU(z(0) = (2 | x(1); 1)
o 0lt+1] is then obtained by maximizing the right hand side of the above
equation
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Convergence (Contd.)

@ Since /() has a lower bound
m (), z(; 9)
>3 3 QD) log (X—
=1 2()eq Qi)
for VQ; and 8, we have

Z(Q[H_l] > i Z Q[t] Iog

1,00cq QM (z1)

p(x(0, 200); gle+11)
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Convergence (Contd.)

@ Since
), 700 )
oltt1] = arg max Q[t] )) log PO, 27 0)
Z Zeg QM2
we have
m (i) Z(f)-g[t+1])
oottty > Q[t] )lo PO, 20
m (1 z(i)-a[t])
> Q[t] log p(x'", ;
; gejg QM)
= (o)
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Reviewing Mixtures of Gaussians

o A training set {x(1) ... x(m)}

@ Mixture of Gaussians model

px,z(x,2) = PX|Z(X | z)pz(2)

Ze{l, -+, k} ~ Multinomial(¢y, ¢2,- - , )

¢j = P(Z = j) such that ¢; > 0 and 35, ¢; =1

X| Z:jNN(vazj) (forj=1,2,--- k)

Z's are so-called latent random variables, since they are hidden /unobserved
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Reviewing Mixtures of Gaussians (Contd.)

@ The log-likelihood function

U1, T) = Y logp(x; 6, 1, T)

i=1
m k

= Sg 3 pl 1, D)p(z; 0)
i=1 z(N=1
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Applying EM Algorithm to Mixtures of Gaussians

@ Repeat the following steps until convergence
o (E-step) For each i,j, set

0 p(x | 20 = j; 4, D) p(2) = j; )

w: =

) Zle p(x() | 20) = I; i, $)p(z0) = I ¢)

o (M-step) Update the parameters

i=1
W = 2t wj(i)x(i)
7T T —m (i)
2,11 WJ( )
o _ e 60— ) — )T
’ Y
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Applying EM Algorithm to MG (Contd.)

o (E-step) For each i/, set

o) = Q" =])
= p(z" = x; 6,1, %)

where

(x| 20 = i 55) = 1 L )T O
p(x zZV =y, ) = (27r)"/2|2|1/2 exp 5x 1) c(x W
p(z") = ji ¢) = ¢,
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Applying EM Algorithm to MG (Contd.)

o (M-step) Maximizing

xD 20 ¢ 1, ¥)
ZZ Qi(z )lo Qi(z)

i=1 ()

Z Z Q, Iog Q’_(;(i; :j)

i=1 j=1

m k 1 —
>« log J 0

i—1 j—1
1 1 1/ (i
= S fls () 2 )T )
i=1 j=1
m k ] m k ] ]
+ Z Zw}') log ¢; — Z Zw}') Iogw}')
i—1 j—1 i—1 j—1
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Applying EM Algorithm to MG: Calculating u

Since
1 0 — T L(xW) — 1)) &
(27r n/2‘): ‘1/2 €xp ( :U‘J) J
i=1 j=1 wj
m  k 1 ) )
= V2w S0 = ) T O — )
i=1 j=1
1y () Ty —1,(i) Ty-1
= QZ“’I Y (2M/ L =gy MI)
i=1
= Y (57O -5t =0
i=1
we have 0 i
= >y wx?
27;1“;’)
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Applying EM Algorithm to MG: Calculating ¢

@ Our problem becomes

m k
max ZZw}i) log ¢;

i—1 j—1
k

S.t. Z¢J =1
j=1

@ Using the theory of Lagrange multiplier
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Applying EM Algorithm to MG: Calculating &

@ Minimizing

m ko T .
ZZWJ(') [Iog <(27r)§|z_,'|5> + 5(X(l) _ Mj)TZfl(X(I) — ,U«j)]
i=1 j=1
nlog 2w m X i 1 m K (i)
= 5 Zij —i—EZij log | %]
i=1 j=1 i—1 j=1
+5 zzw i) T2 (D = )
i=1 j=1
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Applying EM Algorithm to MG: Calculating X (Contd’)

@ Minimizing
1 m k ) 1 m k ] ) )
PRI LLTIEE> ) SELCLEMIERICE
i=1 j=1 i=1 j=1
@ Therefore, we have
m k ] m k ] ) )
Vi [ 22w M og x4 303 e () = ) TE K ) | =0
i=1 j=1 i=1 j=1

for Vj € {1,-- , k}
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Applying EM Algorithm to MG: Calculating X (Contd’)

o By applying
Vxtr(AX™1B) = —(X1BAX1)T
ValAl = [AI(AT)T

@ We get a solution

Sy ) — ) (D — )T

Y= :
>t WJ()

where j=1,---  k
@ Check the derivations by yourself!
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Naive Bayes with Missing Labels

@ For any x, we have

k k n

p(x) =Y p(,y)=>_ | p) [P 1 ¥)
1

y=1 y=1 Jj=

@ The log-likelihood function is then defined as

0) =D _logp(x"") = Zlogz p(y)Hp, D1y)

e Maximizing ¢(0) subject to the following constraints
°P(}’)20f0"vy€{17,k}:andzﬁzlp(}/)zl
° Forvye {17"' >k}7j€ {1"" 7n}’xj € {Ovl}' Pj(Xj |y) >0
° ForVye {17 7k} and.je {1a 7n}’ ije{OJ}pj(XJ|Y):1
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Naive Bayes with Missing Labels (Contd.)

@ When labels are given

00) =" log (p(y“)) I y“)))
i=1

Jj=1

@ When labels are missed

m k n
wo)=>"1ogy" (p(y) [Tp(? | y))
i=1 y=1 j=1
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Applying EM Algorithm to Naive Bayes

@ Repeat the following steps until convergence
o (E-step) Foreachi=1,--- mandy=1,--- k set
PO TTEy P | y)
K i
Sk PO T pi( 1)

o (M-step) Update the parameters

Qi(y) = p(y =y | xV) =

ply) = Z Qi(y), Yy

Zi:)(].(i):x Q’(y) v
PJ(X ly) = m, X,y
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Applying EM Algorithm to NB: E-Step

Q(y) = ply|x)
p(x" | y)p(y)

p(x1)
P Ty pi(x | y)

Sy P, y")

PO Ty 2 | y)
>—1 P | y)p(y)

PO T P (7 [ y)
S PO Ty P | 1)
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Applying EM Algorithm to NB: M-Step

() () = y)
ZZQI |0gT

lly 1
B x| 200 = y)p(z\) = y)
- ZZQ )iog © o,(y)
B . P Ty £ (7 | )
= ZZQ g —01)

= YD Qiy) [logp(y)+ log pi(x\” | y) — log Qi(y)

i=1 y=1 j=1

m k
= 3 > Qi(y)logp(y +ZZZQ ) log pj(x ()Iy)

i=1 y=1 i=1 y=1 j=1

- Em: > Qi(y)log Qi(y)

i=1 y=1
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Applying EM Algorithm to NB: M-Step (Contd.)

Feng Li

(SDU)

ZZZQ,(y log pj(x" | y)

i=1 y=1j=1
k n
> Z Qi(y) | logpi(x =01y)

k n
+Z (Z Qily )lOgPJX:ll)’)

iz Z (Z Qf(y)) log pj(x | )

=X
J
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Applying EM Algorithm to NB: M-Step (Contd.)

max > > Qi(y)logp(y)+> > > | D Qi(y) | logpi(x|y)

i=1 y=1 y=1j=1 xe{0,1} \ j,_y
J

s.t. Zp(y) =1

Z pJ(X|y):17 Vy:1,~-~,k7 vj:17"'7n
x€{0,1}

pi(x|y)>0,Vj=1,---,n Vx=0,1, Vy=1,--- k
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Applying EM Algorithm to NB: M-Step (Contd.)

@ Problem |

m k
max Y > Qi(y)logp(y)

i=1y=1

k
> ply) =
y=1

@ Solution (by Lagrange multiplier):

_ ZI 1 QI
p(y) S 1Q, ZQ,
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Applying EM Algorithm to NB: M-Step (Contd.)

@ Problem Il

k n
max > > > | D Qi) |legpi(x|y)

y=1j=1 xe{0,1} \ j.x)_y
7

s.t. Z PJ(X‘)/):]., Vy=1,---,k, Vj=1,---,n
xe{0,1}
pi(x|y)>0,Vj=1---,n Vx=0,1, Vy=1,--- k

@ Solution (by Lagrange multiplier):

Zi:xj(i):X Q’(y) Zi:xj(i):x Q’(y)
pi(x|y)= ZX’G{O,I} Z’.:Xj(i):X/ Qily) Yoy Qily)
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Thanks!

Q&A
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