Lecture Notes on Gaussian Discriminant
Analysis, Naive Bayes and EM Algorithm

Feng Li
fli@sdu.edu.cn
Shandong University, China

1 Bayes’ Theorem and Inference

Bayes’ theorem is stated mathematically as the following equation

P(B|A)P(A)
P(A| B)= =250 1)
where P(A | B) is the conditional probability of event A given event B happens,
P(B | A) is the conditional probability of event B given A is true, and P(A)
and P(B) are probability of observing A and B, respectively.

We now introduce Bayesian inference by taking image recognition as an
example. Our aim is to identify if there is a cat in a given image. We assume
X = [X1, X, , X,]7 is a random variable representing the feature vector of
the given image, and Y € {0,1} is a random variable representing if there is a
cat in the given image. Now, given an image x = [v1, %2, -+ ,2,]T, out goal is
to calculate

PX=z|Y =y)PY =y)

PY =y| X =)= o e 2

where y € {0,1}. In particular, P(Y = y | X = x) is the probability that
the image is labeled by y given that the image can be represented by feature
vector z, P(X = x | Y = y) is the probability that the image has its feature
vector being x given that it is labeled by y, P(Y = y) is the probability that a
randomly picked image is labeled by y, and P(X = x) is the probability that a
randomly picked image has label y. In our case, we make decision by calculating

P(X=z|Y =0)P(Y =0)

PY=0|X=2) = = “

We argue that there is a cat in a given image, if
PY=1|X=2)>PY =0| X =ux);

otherwise, there is not a cat. Fortunately, when comparing P(Y =0 | X = x)
and P(Y =1 | X = x), we do not have to calculate P(X = x), since both of



them share the same denominator P(X = z). Therefore, to perform Bayesian
interference, the parameters we have to compute are only P(X =z | Y = y)
and P(Y =y).

Recalling that, in linear regression and logistic regression, we use hypothesis
function y = hg(x) to model the relationship between feature vector z and label
1y, while we now rely on Byes’ theorem to characterize the relationship through
parameters § = {P(X =z |Y =y), PY =y)}s,y-

2

Gaussian Discriminant Analysis

In Gaussian Discriminate Analysis (GDA) model, we have the following as-
sumptions:

A1l: Y ~ Bernoulli(¢): Y follows a Bernoulli distribution parameterized
by ¢, and we thus have P(Y = 1) = ¢ and P(Y = 0) = 1 — ). we then
define the corresponding probability mass function (PMF) as

py (y;) =P(Y =y) = ¢¥(1 —¢)' 7Y (5)

A2: X |Y =0 ~ N(puo,2): The conditional probability of continuous
random variable X given Y = 0 is a Gaussian distribution parameterized
by po and ¥, such that the corresponding probability density function
(PDF) is defined as

pX|Y(33 |0) = (27")"/12|E|1/2 eXp <—;(33 - MO)TE?l(x - MO)) (6)

A3: X |Y =1~ N(p1,%): The conditional probability of continuous

random variable X given Y =1 is a Gaussian distribution parameterized
by @1 and X, such that the corresponding PDF is given by

Py (e 1) = e (<3 - TS - ) ()

Given m sample data {(z®,y())};Z; ... ,,, the log-likelihood is defined as

U, o, 1, S) = log [[pxy (@@, 9D, 5o, i1, %)
=1

= 10ngX|Y((L'(i) ‘ y(i)QNleaE)pY(y(i);dJ)
i=1

m

= ) logpxy (@D [y po, pn, 2) + > logpy (¥ 1)) (8)
=1 =1

where v, p19, and o are parameters. Substituting Eq. (5)~(7) into Eq. (8) gives



us a full expression of £(3, po, 1, )

é(whuOv,ula 2)

= > logpxpy (@ [y po, 1, T) + Y logpy (y*)
=1 A

= > log [ 5 n/2|2|1/2 exp <—;(9C — o) "7 (@~ NO))}

iy =0
1 1 Ty—1
+ Z log We)ﬂ) *5(5”*#1) (@ — )
iy =1
+Zlogwy — )"

We then maximize the log-likelihood function £(1, uo, 1, ) so as to get the
optimal values for ¢, ug, and o, such that the resulting GDA model can best
fit the given training data. In particular, we let

Vo LY, pos 1, %) = 0
Vmg(?/% Moy K1, E) =0
Vsl(¥, po, p1, %) =0

A careful derivative gives us

1 & .
=—>Y 1{y" =1
(0 m 2 {y }
m m

po =y Uy =0}a/> 14y =0}

=1

=31 = 13 100 = 1)

=1 i=1
1 S 7 7
T=— D> @D = py) @ = )"
=1

Now we can use the above results to calculate the expression of py (y), pxy (7 |
0), and px|y (= | 1) according to our assumptions (5)~(7), and make predictions
according to Bayes’ theorem (see Eq. (2)). Specifically, given a test data featured
by Z, we compare

P(Y =i ~ . p(Z | y)p
where y = 0, 1.

3 Gaussian Discriminant Analysis and Logistic
Regression

By far, we introduce two classification algorithms, Logistic Regression (LR) and
GDA. We now dive into investigating the relationship between them. Given a



test data sample x, we can calculate p(y =1 | z) as follows

pX|Y(’I | D)py (1)
px(x)
pxjy (@ | Dpy (1)
x|y (z | Dpy (1) + pxjy(z | 0)py (0)
1

PX|Yy (z|0)py (0)
pxy (z[1)py (1)

pyix(1]z) =

1+

According to our assumptions (5)~(7), we have

pX\Y(iZ? | 0)py (0)
px|y(z | Dpy (1)

1
S (2@: o) TS (@ — o) +

1
o) e ) 7"/’
_ 1 _ _
= €xp <(/Jo - Ul)TZ Lo+ ) (/ﬁTz Ypa — /ng 1#0 > €xXp < ¢
1 1-—
= exp ((Mo —m)"' S+ 3 (1S 1 — pd o) + log ( ))

If we assume

0 - (po — p1)TX™!
s (W — S o) + log (%)

we have
pX\Y(I | 0)py (0)
pX\Y(x | D)py (1)
= exp <(uo —m)'S e+ % (=7 — g X7 o) + log (lqu)))
= exp(072) (10)

By substituting (10) into Eq. (9), we finally represent p(y = 1| x) as

1

1+ exp(6Tx) (11)

pyix(1]z) =



Similarly, we have

py|x(0]z)
px|y (z | 0)py (0)
px ()
pxpy(z | 0)py (0)
pxy (x| Dpy (1) + pxjy (z | 0)py (0)
1

x|y (z|1)py (1)
T bxiy @0)py (0)

1
Ty — —_Ts—1
L exp (1 — puo) T8 4 LEEEE I o (L))

Therefore, we conclude that GDA model can be reformulated as logistic
regression. But the question is, which one is better? GDA makes stronger
modeling assumptions, and is more data efficient (i.e., requires less training
data to learn “well”) when the modeling assumptions are correct or at least
approximately correct, while LR makes weaker assumptions, and is significantly
more robust deviations from modeling assumptions. Hence, when the data is
indeed non-Gaussian, then in the limit of large datasets, logistic regression will
almost always do better than GDA. In practice, logistic regression is used more
often than GDA

4 Naive Bayes

4.1 Assumption

Again, we assume that the m training data are denoted by {J;(i),y(i)}izlﬁ... M
where (9 is a n-dimensional vector with each component xy) € {0,1} (j =
1,---,n),and y® € {1,---  k}. For brevity, we use [k] to denote set {1,2,-- - k}.
Therefore, we have i € [m], j € [n] and y € [k]. In Naive Bayes (NB) model,
the feature and label can be represented by random variables {X};cf,) and Y,
respectively. Furthermore, for Vj # j’, Naive Bayes assumes X; and X are
conditionally independent given Y. Therefore, we have

PXi=21,Xo =29, , X =2, | Y =)

[
=

P(X] =Tj |X1 :mlaX2 = X9, - 7Xj71 :xj717Y:y)
1

<.
Il

[
=

<.
Il
—_

Moreover, P(Y =y, X; = x1, -+, X,, = x,) can be calculated as

P(Y:y7X1:1'17"'aXn:$n)

= Py =y [[P&X=21Y =y
j=1



By now, we have two set of parameters: i) P(Y = y) = py(y) for Yy € [k],
and ii) P(X; = z; | Y = y) = px,jv(z; | y) for Va; € {0,1} where j € [n],
Yy € [k]. For brevity, we drop the subscripts without inducing any ambiguity,

p(y) == py(y)
pi(x|y) :=px,)v(z;|y)

In another word, p(y) and p;(z | y) are the PMF and the conditional PMF of
Y and X, | Y, respectively. More specifically, p(y) denotes the prior probability
of Y =y, while p;(x; | y) denotes the posterior probability of X; = z; given
Y =y.

4.2 Problem Formulation

Given a set of m training data {,’E(i), y(i)}ie[m}, the log-likelihood function can
be defined by

() = log[[p@®
i=1

= > logp(z™,y")

=1

= Zlog p(y"
= Zlogp( “)
=1

where we use () to represent the set of parameters. Again, we would like to
maximize the above objective function with respect to {p(y)}yepr and {p;(x |
Y)}iem],ze{0,1},yek]- Mathematically, our problem can be formulated as

max  ((Q Zlogp @) +Zzlogp 1y D) (13)

<<>|y@)

I Mg i :::

Zogpg (@' [ y®) (12)

s.t. Z ply) =1 (14)
> pi@ly) =1, Vyelkl,j < (15)

z€{0,1}
p(y) 20, Vy € [K] (16)
pi(z|y) =20, ¥y € [k],j € [n],z € {0,1} (17)

4.3 Solutions to Naive Bayes

We calculate the optimal value of p(y) for Vy € [k], by applying Lagrange
multiplier method. Let « and 3;(y) be the Lagrange multipliers associate with



constraint (14) and (15), respectively. The Lagrange function is defined as

L(Q,a,B) = Zlogpy( +Zzlogp 1y

i=1 j=1

—a (ip(y) - 1)

y=1

kK n
=22 8w D iy -1 (18)

y=1j=1 z€{0,1}

where 3 = {8;(y)}jen] Lyelk According to the theory of Lagrange multiplier, if
there exits Q* = {p*(v),p;(z | ¥)}je(n),ec(0,1}.yc[x) Such that £(Q*) is a maxi-
mum of £(§2), there exists a* and 8* = {8 (y)}e[n),ye[r such that (2*,a*, 5*)
is a stationary point for the Lagrange function. To this end, we first calculate
the partial derivative of L(, «, 8) with respect to €2, and let them be zeros.

Since
0 0 count(y)
—L(Q,a,8) = ——logp(y) —a=———a=0
Ip(y) ( ) y%:_y Ip(y) ®) p(y)
where
count(y Z 1(y ), Yy € [K]
i=1
denotes the number of training data whose label is y, we have
count(y
p(y) = 201 (19)
a
Substituting the above equation into (14), we get
Ek: zk: count(y _
y=1 y=1 a
hence, @« = m. According to (19),
count(y Ty =y
! m
Similarly, by letting
0
—L(Q2,0,8)=0
oo (e ) (B
we get
count;(z | y)
—— —Bily) =0 (21)
pi(@ | y) !
where

m
count;(z |y) = Zl Z)zy/\xy):a:), Vy € [k], Vz € {0,1}
=1



denotes the number of training data with its j-th feature being x and label being
y, and hence, p;(z | y) can be written as

(o _count;(z | y)

Substituting the above equation into (15), we get

Bi(y) = count(y)
for Vj € [n],y € [k]. Therefore, according to Eq. (22)
pi(z|y) = countj(x|y) Y 1y =y naf) =a)
’ Bi(y) Yt 1yW =)

Remark: We assume binary features (X; € {0,1} forVj € [n]) in the above
discussion. What if X; € {1,2,--- ,v}? Can we get similar results? Check it
by yourselves!

(23)

4.4 Laplace Smoothing

Consider the following special case, in the give finite training data, T never
happens for some j, such that you cannot find any training data without its j-
th feature being Z. In this case, when calculating p;(Z | y), one trivial choice is to
let it being zero. It follows that, given a test data = = (21, ,2; =%, , Ty)
where the j-th feature is z, we have

n

plylz) = p(y)Hpj(ﬂfjly)
= pypi(zr | ypr(@2 [ y)---pj(@ [ y) - pu(2n | Y)

= 0

for Vy. It is shown that, even the remaining features all have very “strong”
conditional probabilities, p(y | x) is forcibly set to be zero due to only one
feature value that does not appear in the finite training data. Apparently, this
is quite unreasonable! Similarly, when some of the label values (e.g., ) doe not
appear in the given training data, we have

i 1y =19)
m

p(y) =

, such that for Va, we have p(y | ) = 0.
One method to address the above problem is Laplace smoothing. In partic-
ular, we set

Y 1y =y)+1
m-+k
> 1(y@ =y A Iy) =z)+1
S Wy =y) +v;

p(y) =

pi(z|y) =



where v; is the number of possible values of the j-th feature. In our case where
xzj € {0,1} for Vj € [n], we have v; = 2 for Vj. Note that, p(y) satisfies the
following two conditions

p(y) >0, Yy € [k]

; k m i
i ( )7%2211@(1) =y)+1 _ Zy:lzz':11(i‘/() =y)+k _
ply) = mk = —— =
y:l y:l
Similarly,

pi(z|y) >0, Vj€[n], z€{0,1}, y € [K]

> pi@ly) =1, Vi€, yelk
z€{0,1}

5 Naive Bayes for Multinomial Distribution

In this model, a training sample may involves a different number of features.
We assume that the i-th training sample 2(*) has n; features. For Vi € [m], z(®
has each of its features drawn from a sample space [v] = {1,2,--- ,v} identically
and independently. Let X; and Y be the random variables representing the j-th
feature and the label. We define

pt|y) = P(X;=t|Y =vy)

for some j. In another word, p(t | y) is the conditional probability that ¢t € [v]
occurs once (at some position) in the feature vector given that the data sample
is labeled by y. Also, p(t | y) should respect the following conditions: i) p(¢ |
y) >0, and ii) Y, p(t | y) = 1. We also define

for Vy € [k]. We denote by Q the set of parameters, i.e., Q@ = {p(y),p(t |

Y) }eeol yelk) -
Given a set of m training data {(z(¥), y(?)};c(, the log-likelihood function



can be defined by

() = log _Hp<x<>

_ 1ogﬁ1§21<y0> — yp(a? | y)p(y)

_ élog (Z 1w =) (pa® | y>p<y>))

. i > 10" =) tog (ple'” |1t

= 221( @ = y)log | ply Hp

- fj Z: 1(y" =) log <p<y> t]f[lpo: | y><>>

- i 22 1y = y) <10g p(y Z count™ (t) log p(t | y))

where count® () = Y7 1(x; () — 4) is the number of features in z(¥ whose

values are t (i.e., how many tlme t occurs in () ).
By now, we formulate our NB model for multinomial distribution as follows

k
Z 1y = y) <logp + chount(Z ) log p(t | y))

[k]
€ [v] Vy € [K]

max £(Q

s.t.

=

o
v o‘:‘MS

y) >
t]

)

=

ply) =1,

Mw

1

<
Il

pt|y) =1, Vy € [k]

NE

-
Il
-

Applying Lagrange multiplier, we get the following optimal solution to the above
optimization problem

>imy 1y = y)count® (1)

pt|y) = Z:r;l 1(y® = y) 2:21 count® (1)
m (1) —
ply) = 2=t IS,/L )

10



6 Expectation-Maximization Algorithm

We hereby look at Ezpectation-Mazimization (EM) algorithm.

6.1 Convex Sets and Convex Functions

A set C is conver if the line segment between any two points in C' lies in C, i.e.,
for Vz1,zo € C and VO with 0 < 0§ < 1, we have

Ox1+(1—0)zs € C

A function f : R®™ — R is convez, if domf is a convex set and if for all
z,y € domf and A with 0 < A <1, we have

fOz+ (1 =Ny) <Af(@)+ (1 =) f(y)

If
fQz+ (1 =Ny) =2 Af(z)+ (1 =) f(y)

f is said to be concave. One typical example of concave function is log.

6.2 Jensen’s Inequality

Theorem 1. Jensen’s Inequality Let f(x) be a convex function defined on an
interval Z. If x1, 29, ,xny €T and A1, Aa, -+, Ay > 0 with Zil Ai=1

N N
f(z i) < Z Aif (i) (24)

Proof. When N = 1, the result is trivial. When N = 2, we have
Jax 4+ Xoxz) < A f(xr) + Ao f(22)

due to convexity of f(x). When N > 3, the proof is by induction. We assume
that, the Jensen’s inequality holds when N =k — 1, i.e.

\'MN

k—1 —1
FO - Nw) <37 X (@)
=1 =1

11



We then prove that, the Jensen’s inequality still holds for N = k. In particular,
k-1

k
FO M) = FO N + M)
i=1

i=1

S

—1

i

= f-wWE
k—1 /\Z

(1- Ak)f(z T ;) + A f(zr)

k—

(13 3 12 ) + Mo (o)

T + \pZy)

IN

IN

i=1

k—1

= Z i f (@) + M f (1)

B
= Z)\vf(xz)

O

The inequality can be generalized to infinite sums, integrals, and expected
values. For example, assuming X is a random variable, we have

fIE(X)] < E[f(X)] (25)

The equality holds if X is a constant.
When f is a concave function, the Jensen’s inequality can be re-written as

N N
f(z Aiw;) > Z Aif (i) (26)
i=1 i=1
while its probabilistic form becomes
F(EIX]) = E[f(X)] (27)
For example, when f(z) = logz, we have
N N
log(z Aix;) > Z A; log(x;) (28)
i=1 i=1
log(E[X]) = Ellog(X)] (29)

6.3 EM Algorithm

Let {x(M 22 ... 20m} be a set of training data without labels. The log-
likelihood function can be defined by

(0) = log]r(?;0)
=1

= ilog Z p(z®, 29 9) (30)

i=1 2 e

12



where 6 denotes the full set of unknown parameters, while z2(") € Q is so-called
“latent variable” with € being the set of its all possible values. In fact, z(*)
is an analogue of label, which we “guess” for each training data. Specifically,
supposing X and Z® are the random variables representing the features and
the label of the i-th data sample, p(z();0) = P(X® = z(¥) is the marginal
PMF of X while p(z®, 2();0) = P(X® = 2, Z() = 2(9)) is the joint PMF
of (X, z(®),

To maximize the above log-likelihood function £(), the basic idea of the EM
algorithm is to repeatedly construct a lower-bound on ¢ (E-step), and then op-
timize the lower-bound (M-step). We assume that the i-th training sample has
its label following a probability distribution @;. In another word, Qi(z(i)) rep-
resents the probability that the i-th training sample has its label being z(*) €
(ie., Qi(2M) = P(Z® = 2())). Q;(2)) should satisfy the following conditions:

20 e
Qi(z") >0, vz € Q

Also, suppose ¢(Z(?) is a function of random variable Z(*). we then have

A7) = 3 QE)oY) (31)

20 eq

We re-write the log-likelihood function as follows

o) = Zlog Z @, 2, 9)

2(DeQ
(Z (4) 0)
R P, 20560)
Z Og;egQ Qi)
= Zlog > Qilz @)
2()eqQ
= Y log Ezing, [6(29)]
=1
> 3" Buong, [loao(z2)]
i=1

_ () o (x( )9)
ZZQ )og =y 52)

In particular, the first two equality is very trivial, and we have the third one by
assuming ¢ : Q — R is a function of Z(9 such that

p(z®, 2();0)
Qi(2™)
The forth equality holds according to Eq. (31). By applying Jensen’s inequality

to (concave) log function, we have the inequality in the fifth line. The sixth
equality also comes from Eq. (31)

(=) =

13



To tighten the lower bound, we should let the equality (in the forth line) hold.
According to Jensen’s inequality, the equality holds if p(z(®, 2(9;0)/Q;(2®) is
a constant. Assume

p(z®, 2();0)

QD) ° 33)

where ¢ is a constant. Since ) ) cq Qi(2M) = 1, we have

>oop® 20 = > Qiz) =c (34)

2D eq 2D eq
Then, Q;(2") can be re-written as

p(x(i)7 2@ 9)
C
p(x(i)’ PAON)
Ezmeg p(z®, 2(9;0)
p(z®, 2D 9)
p(z®);0)
— p(z(i) ‘x(i);g)

Qi(z") =

In another world, @; () is the conditional probability that the i-th data sample
is labeled by z(9) given it is featured by z(®.
In the EM algorithm, we repeat the following step until convergence

e (E-step) For each 4, set
Qi(zV) = p(z | 2. )
o (M-step) set

p(a®, 2(;0)

0:= argmgaxz Z Qi(z(i))log Qi(z™)

i (e

Theorem 2. The EM algorithm is converged.

Proof. Suppose 0 and A+! be the (input) parameters for the t-th and the
(t + 1)-th iterations, respectively. The convergence of the EM algorithm can be
proved by showing the EM algorithm monotonically increases the log-likelihood
function, i.e., (A1) > ¢(a).
In the t-th iteration, we start with calculating Qgt](z(i)) according to 0l
QP (D) = p(2? | 21, gl
such that Jensen’s inequality holds with equality, and hence

s ) (@) (). glt]

]\ [t] i p(x , 2073 )
wh=3_ > @)l =5
i=1 (e Qi (217)

14



We then calculate 8l‘* by maximizing the right hand side of the above equation
over 0; therefore, we have

(1) ,(9). glt+1]
ooty > Z Z Q (=) log p(x™, z\W; gl

t .
() eq QE ](2(1))
p(z®, 2, glH)
> 30 S Qe 20
i=1 () eQ Qgt](z(’))

= g(g[t})
The first inequality comes from the fact that

Dy 10 P, 2050)
>ZZQZ( log Q(())

i=1 () eQ

holds for V6, and in particular holds for Q; = QZ , according to Eq. (32). We
have the inequality in the second line, because ¢+ is calculated by

() 209

[t4+1] _ t] p(@', 2 )

0 argmax E E Q; 7[:5] o
i aDe Qi (1)

O

6.4 Applying EM Algorithm to Gaussian Discriminant
Analysis

Again, assume {x(i)}ie[m] is the set of training data without labels and the
latent variable is z(*). For each training data, the probability that it is labeled
by j € [k] is denoted by ¢;. Obviously, we have Zle ¢; =1 and ¢; > 0 for
Vj € [k]. We also suppose that z | z = j ~ N(uj,X;), i.e., the conditional
probability of observing feature x in a training sample given that its label is j
follows a Gaussian distribution parametrized by p; and ¥;

According to the rules of the EM algorithm, we have repeat the following
steps until convergence

e (E-step) For each 1, j, set
@) pla | 29 = jip, B)p(z") = ji ¢)

w =

P S pe® [0 = 1 D)p(z) = 1:9)

e (M-step) Update the parameters

1 (i)
%= >
i=1
D Wg(‘i)xm
Hi = m (2)

More details are given in the following.

15



6.4.1 E-Step in Applying EM to GDA
In each iteration, we first calculating Qi(z(i) = j) for Vi, j. In particular,
W) = Qi =)
= p(z" =j|2W;¢,1,%)
p(a® | 29 = ji 5, D)p(z = j; ¢)
Yl p@® | 20 = L, Z)p(z0 = 1 9)

where

i 1 1, . B ,
P |2 = s, %) = s O (—2@6‘“ — 1) "S5 @ = w))
and

p(z' = j; 6) = ¢

6.4.2 M-Step in Applying EM to GDA

We then maximize

m

(z®,29; ¢, 4, )
> Qi log Q:(z0)

1=1 z(4)
(@) | () (1) _ ..
= S Qe = g 2 = Jsi D)ol = 3:9)
i=1 j=1 Ql(zl :])
" & s o (3@ - ) TR - ) ¢
- ZZ%‘ log @
i=1 j=1 w;
= fzzw(n log(QW)g\E\;)+l( (i) _ _)TZ (z(i)i )
J 2 Hj J Hj
i=1 j=1
m k ) m k _ .
+ Z ij(-l) log ¢; — Z ij(-l) logwy)
i=1j=1 i=1 j=1

over p; and X;
For Vu; (j € [k]), we first calculate the corresponding partial derivative

1 L0 — )Ty H2l) — ))¢
() (27r n/2‘2 ‘1/2 exp( Q(x M] 7 J
WZZW log 0
i=1 j=1 7
_ Sy @1 @ T
= szzwj i(x - )2 ( _MJ)
i=1j=1
1 - 7 — i —
= 52w v (2= = e )
i=1
= Yol (57 -3 w)
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and then let it be zero. Hence, we have

Z;il wl(Z) ®
Z?il Wl(i)

To calculate ¢, we have to resolve the following optimization problem

m k
max Z Z wj(»i) log ¢;

i=1 j=1
k
> di=1
j=1
Using Lagrange multiplier method, we have
LS~ 0
o Z“’j
i=1
To calculating ¥;, we have to minimize
nlo i
B N e
=1 j=1 i=1 j=1

Letting its gradient with respect to X; be zeros, we have

S @@ = ) (@@ — )T
Z:ﬂ . w(i)

By =

4 n 1 1 I3 — I3
W) [mg (@R)51%,13) + 50— )57 @ — )

HM;V

p)TE @W — py)

I\Mw

w\H

%, =

by applying

Vxtr(AX !'B) = —(X'BAXHT
ValA] = [Al(AHT

6.5 Applying EM Algorithm to Naive Bayes

Let ¥ be the latent variable. For the i-th training sample, we assume 6(y | 4)
denotes conditional the probability of being labeled by y given feature vector
2. Then, in EM algorithm, we repeat the following steps until convergence

o (E-step) Foreachi=1,--- ,mandy=1,---,k set

p) [Ty i | )

S0 1) = ol | 20 ‘
e A T 1)
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e (M-step) Update the parameters

pj($|y)=m

We introduce the details as follows. We first calculate d(y | 4)

Vi € [m],y € [k] as

S(yli) = py|z®)
p(z | y)p(y)
p(x®)

p) [Ty iz | y)
by p(x@),y)
p) Ty pi (@ | )
vy P | y)p(y')
p@) [Ty ps (=l 1)

S ) Ty p (S )

Then, we maximize

k
ZZ(SZU\ log p(z®, 20 = )
i=1y=1 ( | )
_ Sy ple? | 20 = y)p(z) = y)
= 2 3ol T
ey T pi | y)
= 2.2 0 |)los ———5

s
Il
-

<
Il
_

I
.MS
W

s
Il
—

<
Il
_

J=1

m k n

I
NE
Mx-

11

.
Il

1 i=1y=1j=1

m k
225 1) logd(y | i)

=1 y=1

<
I
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S(y | ) logply +Zlogpy (@ | y) —logd(y | 1)

3y | 1)logp(y) + >3 dy | i)logp;(zi” | y)

(35)

(36)

= Qi(y) for



over p(y) and p;(« | y). The maximization problem can be formulated as follows:

n

m k k
max ZZé(y | 7) log p(y) + ZZ Z Z 6(y | 1) | logpj(z | y)

i=1y=1 y=1i=12€{0,1} \ ix()—y
J

k
s.t. Zp(y) =1

Z pi(z|ly)=1 Yy=1,--- k, Vj=1,---,n
z€{0,1}

p(y) >0, Vy=1,--- Kk

pj(z|y) >0, ¥Vj=1,---,n, Yee{0,1}, Vy=1,---,k

By applying Lagrange multiplier method, we have the optimal solution shown
in (35) and (36).
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